ABSTRACT: The aim of this study is to develop a simplified formula for added mass coefficients of a two-dimensional floating body moving vertically in a finite water depth. Floating bodies with various sectional areas may represent simplified structure sections transformed by Lewis form, and can be used for floating body motion analysis using strip theory or another relevant method. Since the added mass of a floating body varies with wave frequency and water depth, a correction factor is developed to take these effects into account. Using a developed two-dimensional numerical wave tank technique, the reference added masses are calculated for various water depths at high frequency, and used them as
INTRODUCTION
The accurate prediction of hydrodynamic coefficients, such as added mass and radiation damping coefficients, is crucial in analyzing the motion response of a floating structure in water waves. Since ships and various ocean structures are often operated in a finite water depth, the precise calculation of hydrodynamic coefficients corresponding to various wave frequencies and water depths is getting important. In particular, the heave added mass of a large submerged or floating body plays an important role in determining body responses in the shallow water depth. When the wave frequency increases, the added mass coefficients gradually increases and converges to a constant value, while the radiation wave damping decreases then goes to zero. Therefore, the relative effect of added mass is much greater than that of damping coefficient. The change of heave added mass coefficient for various wave frequencies and water depths has to be considered in analyzing ship and ocean structure maneuverability and operation in finite water depth regions such as harbor and canal.
Since the 1940s, various calculation methods for the hydrodynamic coefficients of a floating structure have been developed. In the early days, Ursell (1948) first calculated the added mass and wave damping coefficient of a cylinder in an infinite water depth using the velocity potential and stream functions. Later, Frank (1968) also calculated the hydrodynamic coefficients in the same conditions by solving the boundary value problem in which source singularities are distributed over the submerged portion of the body. After their pioneering work, numerous studies on the calculation of hydrodynamic coefficients with different conditions have been conducted using various numerical methods (Shen et al., 2005; Zhou et al., 2005; Sutulo et al., 2010) .
When the hydrodynamic coefficients of an arbitrary body shape are to be computed in a finite water depth, the use of complicated mathematical analysis or state-of-the-art numerical tools are required, which can be expensive and time-consuming. Hence, an empirical formula for added mass has been developed and used for ship motion analysis because of its easy calculation and convenient application. Since the empirical formula, used in practical shipbuilding and ocean engineering design, was developed for conditions of infinite water depth and infinite wave frequency, the formula cannot reflect changes of added mass due to proximity to the sea bottom or the effect of free surfaces. Thus, the existing empirical formula for added mass should only be applied under certain conditions.
A simple formula for added mass prediction for various body sections that considers the effects of the sea bottom and wave frequencies is required for a quick analysis of a floating body response in shallow water, especially in the early design stage.
In this study, based on the basic study of Koo and Kim (2013) for semicircular body, we developed a simplified formula of heave added mass coefficients for various two-dimensional body sections in a finite water depth. This formula can reflect changes in added mass due to the effects of the sea bottom and wave frequencies. The added mass predicted by the simplified formula was compared with the results calculated by NWT, and the validity of the formula was confirmed for various wave frequencies and water depths.
MATHEMATICAL FORMULATION OF NWT TECHNIQUE
To calculate the basis values of the added masses corresponding to various water depths at high frequency, a two-dimensional NWT developed by numerous researchers (see the review paper on recent research and development of the NWT technique by Kim et al., 1999) was utilized to solve the boundary value problem in a computational domain filled with an inviscid, incompressible, and irrotational fluid. The NWT used in this study was based on boundary element method with constant Rankine panels and linear wave theory. In the paper, we briefly introduce the mathematical formulation of the NWT technique for the convenience of readers.
As a governing equation in the computational fluid domain, the Laplace equation ( 2 0 φ ∇ = ) can be formulated using the velocity potential ( ( , ; ) Re [ ( , ) ] (1)), to which the corresponding boundary conditions over the entire computational domain can be applied.
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where the solid angle α was equal to 0.5 on the smoothed surface in this study, n is the unit normal vector, ( , , , ) (1 / 2 ) ln
for a two-dimensional problem, and R is the distance between the source ( , ) As an open boundary condition at both vertical-end boundaries of the domain, the radiation boundary condition is described as in the frequency domain:
where x n is the horizontal component of the unit normal vector n, and k is the wave number. The body boundary condition for the wave radiation problem is described as:
where V is a prescribed velocity in the vertical direction used to calculate the heave added mass and damping coefficients. A unit velocity (V=1 m/s) on the body is applied in this study.
With discretized boundary elements, the boundary integral equation can be solved using a prescribed body velocity as an input body boundary condition. Thus, the radiation velocity potential ( φ ) and its normal derivative ( / n φ ∂ ∂ ) on each node over the entire boundary can be determined. Using the calculated radiation velocity potential, the added mass and wave radiation damping coefficients on the floating body can be obtained from Eq. (4). The real part of the integral equation over the body surface (A ij ) is called the added mass coefficient and the imaginary part (B ij ) represents the wave radiation damping coefficient.
where s is the body surface and i, j are the modes of body motion (i = 3, j = 3 for the vertical motion in this study). Fig. 1 shows the overview of the computational domain for the radiation problem of a floating body in a two-dimensional frequency-domain numerical wave tank, where B denotes body width, T the draft, and h the water depth. The radiated waves are generated by the forced heave motion of the body with a prescribed velocity. The direction of the normal vector is out of the fluid, thus the normal vector on the body surface is toward the inside of the body. The Cartesian coordinate system is used with the origin located at the center of the body. The horizontal axis starts positive rightward, and the positive upward vertical axis begins at the mean water level (on the initial free surface boundary). The size of the computational domain is generally set to eight times the radiated wave length. In this study, a basic body shape (rectangle, semicircle, or triangle) represents typical sections of coastal and ocean structures, including midship sections. The added mass coefficients calculated with the NWT technique were used as basis values in developing the simplified formula for predicted added mass coefficient. Using the basis values, a correction factor was formulated, which reflects a change in added mass due to the effects of the sea bottom and wave frequencies. Then, the added mass could be predicted by the correction factor multiplied by the added mass in deep water conditions.
The ratio of body width (B) to draft (T), called the body beam/draft ratio (B/T), was used to express the wetted shapes of the various target floating bodies. The ratio of water depth (h) to body draft (T), called the water depth ratio (h/T) or the relative body submergence, was also used to take into account the effect of finite water depth on the variation of the added mass coefficient. To calculate the basis values of the added masses, an optimal number of nodes on the computational boundary in the NWT was selected after comprehensive convergence tests.
SIMPLIFIED FORMULA FOR ADDED MASS COEFFICIENTS

Calculation of basis values for added mass coefficients
To build a simplified formula, the added mass induced by vertical motion of a simple geometric body at high frequency was calculated using a developed two-dimensional frequency-domain NWT. The calculated added masses from the selected geometric conditions were used as basis values to formulate the correction factor in the simplified formula. To confirm the accuracy of the basis values, the added masses calculated by the NWT were compared with those by other methods. Fig. 2 shows the comparison of the added masses and damping coefficients from various methods in deep water conditions. It was found that the present numerical results agreed well with the numerical results of Ursell (1948) and the experimental data of Vugts (1968) . After verification of the results calculated using NWT, the added masses and damping coefficients of simple geometric bodies at various water depth ratios (h/T) were compared (Fig. 3) . The comparison indicates that the trends in hydrodynamic coefficients for all geometric bodies are similar in the high frequency region. Compared to the rectangular body, the change rate of added mass for a semicircle was found to be small. In other words, the difference in added masses between the respective water depth ratios (h/T) was smaller than the added mass for a rectangular body. This is because the effective wetted surface of a semicircle is smaller than that of a rectangle in the direction of prescribed vertical motion. Thus, the effect of the sea bottom was relatively small and the heave added mass of a semicircle did not change significantly. This was also expected to be true for a triangular body. Since the effective wetted surface of a triangle is small, the interaction between the body and flat sea bottom decreases during vertical movement of the body. Thus, the difference in the heave added mass of a triangle corresponding to various relative body submergences was smaller than for other geometric shapes at high frequencies.
In particular, the variation in added mass at deep water conditions (h/T = 30 in this study) was not significant in the high frequency region greater than 1.6, which indicates that the effect of the sea bottom was relatively small and little interactions occurred between the body and the rigid sea bottom. However, at the same frequency, the added mass increased at shallow water depths, indicating that the existence of the sea bottom may strengthen the wave-body interaction. 
Simplified formula for added mass prediction
Since the added mass converged to a constant value at high frequencies, a change in added mass due to the water depth effect could be predicted. By interpolation of the given added mass in the high frequency region shown in Fig. 3 , the added mass coefficients corresponding to specific water depths can be determined. Using the basis added mass obtained at high frequency ( / 2 B g ω =2) with the deep water condition (h/T = 30), the simplified formula for heave added mass can be developed to consider the effects of water depths and wave frequencies.
Using the correction factor reflecting the effect of the sea bottom, the added mass coefficient of a floating body influenced by the water depth was predicted. The simplified formula can be described as:
where m as denotes the added mass affected by water depth, m ad is the added mass unaffected by the sea bottom (in the case of deep water condition), α c is the correction factor adjusting for the added mass coefficient due to various geometric and environmental conditions. The respective added mass coefficients were normalized by wetted displacement ( A ρ ). In addition to considering the sea bottom effect, the correction factor (α c ) can also reflect the effect of body shape on the change in added mass values. Therefore, the correction factor is a function of relative body submergence (h/T) and wetted body shape (B/T) ratios, which can be formulated from the basis values of the added mass obtained at high frequencies.
Correction factor for a rectangular body
The correction factor can be formulated with the basis values of the added mass using a multivariate polynomial equation (double indeterminate). The factor can be expressed as a function of body beam/draft ratio ( / B T ψ = ) and water depth ratio ( / h T ξ = ), which reflects the change in added mass due to various wetted body dimensions and water depths. Fig. 4 shows a three-dimensional view of the added mass of a rectangular body for various body shapes and water depths at high frequency ( / 2 B g ω =2). To improve the accuracy of the added mass prediction, the coefficient of the correction factor should be determined by dividing the system into two water depth regions (relative body submergence). 2  2  3  2  2  1  2  3  4  5  6  7  8  9 ( , )
where / B T ψ = (ratio of wetted body shape), / h T ξ = (ratio of water depth or relative body submergence), and the coefficients (R i ) of the correction factor for a rectangular body are listed in Table 1 . 
Correction factor for a semicircular body
Since a semicircle has a constant ratio of body shape (B/T = 2), the correction factor is much simpler than for the rectangular body. Hence, the factor can be a function of water depth ratio only, which was developed in the previous study (Koo and Kim, 2013) . The normalized added mass of a semicircular body with the deep water condition at infinite frequency was known to be 0.673. When the relative body submergence (h/T) is given, the heave added mass for various water depths can be easily predicted by Eq. (8).
Correction factor for a triangular body
The correction factor for a triangle is also expressed as a function of the relative water depth and body beam/draft ratios. Similar to the rectangular body, the correction factor for a triangle should be expressed for two different water depth regions (Eq. (9) and Eq. (10) ( , )
where the coefficients (T i ) of the correction factor for a triangular body are listed in Table 2 . 
RESULTS AND DISCUSSION
The added mass of a simple geometric body can be predicted by the simplified formula shown in Eq. (5). Using the basis added mass in deep water condition (m ad ) and the correction factor reflecting the effect of water depth, the change in added mass influenced by water depth was calculated. Table 3 shows the added mass of rectangular and triangular bodies for various wetted body shapes (B/T) under the deep water condition. These values were obtained using the NWT technique at high (infinite) frequency. The correction factor, formulated with a polynomial function of body shape and water depth, was multiplied by the given values in Table 3 , and then the added mass affected by geometric conditions was easily determined.
To verify the accuracy of the developed simplified formula, the added mass coefficients predicted for various body geometries were compared with the values calculated using the NWT technique including the sea bottom boundary. The accuracy of the NWT results was already confirmed in Fig. 2 . The discrepancies in the case of triangle at high frequency can be explained by the fact that Ursell's method was based on Lewis form approximation, which accuracy deteriorates in the case of sharp body shape. Fig. 6 shows a comparison of added mass coefficients of a rectangular body for various B/T ratios at a normalized frequency of 1.99 (high frequency region in this study). The symbols in the figures represent the added mass predicted by the simplified formula, while the lines indicate the numerical results calculated by NWT to solve the radiation problem with a rigid sea bottom boundary. The predicted added mass was compared for two different water depth regions: the comparison for shallow water ( / 7 h T ≤ ) and the comparison for deep water ( / 7 h T > ). Both sets of predicted values agreed well with the numerical results. The difference between prediction and calculation was less than 8% (the maximum difference was 7.48% at B/T = 7 and h/T = 2).
Prediction of added mass for various geometric conditions
From these comparisons, the heave added mass coefficients of the rectangular sections was accurately predicted for various water depths at high frequency within 8% of the results of the full-domain numerical computation.
For the semicircle, Fig. 7 shows the comparison of the predicted added masses and numerical results for various water depth ratios. Compared to the rectangular body, the accuracy of the predicted values improved because of the constant body beam/ draft ratio (B/T = 2). The maximum difference between prediction and calculation was only 0.5%. Therefore, the heave added mass of a semicircle at various water depths was accurately determined using Eq. (8). Fig . 8 shows results for a triangular body obtained using the same procedure of added mass prediction and verification. Likewise, for other geometric bodies, the added mass predicted by the simplified formula was accurate to within 10% of the numerical results by NWT. 
Prediction of added mass coefficients for various frequencies
The accuracy of the simplified formula was checked at various wave frequencies to extend the use of the developed formula. Fig. 9 shows the predicted added mass compared at various wave frequencies and for different body beam/draft ratios. At shallow water depths ( / 7 h T ≤ ), the deviation between the predicted coefficients and the calculated values gradually increased as the wave frequency decreased. When the body beam/draft ratio increased (the body was wide compared to draft) in the low frequency region, the difference became large. The added mass at the deep water condition ( / 7 h T > ) in the right figure showed behavior similar to that seen for shallow water depths. However, the difference in added mass between prediction and calculation became smaller. The deviation may have been due to the strong sea bottom effect. Since the correction factor was formulated in the high frequency region, the accuracy of the predicted value may have deteriorated as the frequency decreased. When the body beam/draft ratio was small at low frequency, the difference was reduced, even in the very shallow region. When the effective wetted body surface was relatively small (the body beam/draft ratio was small) the accuracy of the predicted added mass was improved. Therefore, for normal ship or ocean structures, which generally have beam/draft ratios less than three, the use of the simplified formula would be efficient in shallow depths. For the semicircle, the predicted added mass coefficients agreed with the calculated values to within 10% when the normalized wave frequency was greater than 1.0 (Fig. 10) . As the wave frequency decreased in shallow water, the difference between the two methods gradually increased because of the bottom effect. When the relative body submergence was shallow (h/T > 7), the predicted added mass coefficients agreed well with the numerical results over the entire frequency region. 11 shows the comparison of the added mass coefficients for a triangular body. As with other simple geometries, the predicted added masses agreed with the calculated values when the normalized wave frequency was greater than 1.0. Since the correction factor was developed by interpolating the basis added mass obtained at the high frequency, the accuracy of the predicted value increased as the frequency and the water depth increased. The added mass coefficients of a simple geometric body were accurately predicted for various ratios of wetted body shapes and water depths (relative body submergence) to within 10% of the numerical calculations. The predicted coefficients were also valid for various wave frequencies to within 10% until the normalized wave frequency was greater than 1.0. Therefore, the use of the simplified formula developed in this study can be useful to predict the added mass of a simple geometric floating body in various environmental conditions.
CONCLUSIONS
In the present study, we developed a simplified formula for added mass coefficients induced by the vertical movement of various two-dimensional body sections in a finite water depth. The developed formula reflects changes in added mass due to the effects of the sea bottom and wave frequencies. A two-dimensional frequency-domain NWT technique was used to calculate the basis values of the added masses for various body sections at the high (infinite) wave frequency. The calculated basis values were then used to formulate the correction factor of the simplified formula. For better accuracy, the correction factor was determined by dividing the system into two regions of water depth (relative body submergence to water depth).
It was found that the accuracy of the predicted added mass increased as the frequency and water depth increased because the correction factor was formulated with the basis added mass values obtained at the high frequency.
The comparative study showed that the added mass coefficient of a simple geometric body was accurately predicted for various ratios of body shapes and water depths to within 10% of the full-domain BEM-based numerical calculation. The predicted coefficients were also found to be valid for various wave frequencies to within 10% until the normalized frequency was greater than 1.0.
Therefore, the simplified formula of added mass for various body sections developed in this study can be used for a quick analysis of a two-dimensional based floating structure section response (ship and ocean structure maneuverability and operation) in the shallow water regions such as harbor and canal. 
